Itinerant topological magnons in Haldane Hubbard model with a
  nearly-flat electron band by Gu, Zhao-Long et al.
Itinerant topological magnons in Haldane Hubbard model with a nearly-flat electron
band
Zhao-Long Gu,1 Zhao-Yang Dong,2, 1 Shun-Li Yu,1, 3 and Jian-Xin Li1, 3, ∗
1National Laboratory of Solid State Microstructures and Department of Physics, Nanjing University, Nanjing 210093, China
2Department of Applied Physics, Nanjing University of Science and Technology, Nanjing 210094, China.
3Collaborative Innovation Center of Advanced Microstructures, Nanjing University, Nanjing 210093, China
(Dated: August 27, 2019)
We elaborate the first theoretical realization of two dimensional itinerant topological magnons,
based on the quarter filled Haldane-Hubbard model with a nearly-flat electron band. By using the
exact diagonalization method with a projection onto this band, we obtain the spin wave excitations
over the itinerant ferromagnetic ground state. In the flatband limit, the excitation exhibits similar
dispersion to the free electron band with Dirac magnons. The nonflatness of the electron band
opens a topological gap at Dirac points and leads to an acoustic magnon band with a nonzero
Chern number. We further show that tuning the sublattice Hubbard interactions or the next-
nearest-neighbor hopping can induce a topological transition characterized by the gap closing and
reopening, and the existence of the in-gap magnons on magnetic domain walls. We find an exact
set of bases for magnons in the flatband limit constructed from sublattice particle-hole vectors and
derive an effective model to explore the origin of the topological magnon which is attributed to the
“mass inversion mechanism”.
Band structures with nontrivial topology reside at the
center of a substantial number of topological phenomena
in condensed matter physics [1–3]. They exhibit fascinat-
ing physics [4, 5], and cannot be distinguished from trivial
ones by local order parameters, but are characterized by
nonzero bulk topological indices and gapless edge states
on open boundaries [6–10]. It was proposed in a pioneer-
ing work by Haldane [11] that a spinless fermionic model
on a honeycomb lattice bears energy bands with nonzero
Chern numbers [12, 13] in the absence of external mag-
netic fields. In this model, the nonzero Chern number
arises from the mechanism that the mass terms of the two
chirality-opposite Dirac fermions in the Brillouin zone
(BZ) have different signs. Microscopically, this so-called
“mass inversion mechanism” is realized by the introduc-
tion to the model of a complex next-nearest-neighbor
hopping that breaks the time-reversal symmetry locally.
Similar mechanism also applies to other fermionic sys-
tems with nontrivial topological bands belonging to dif-
ferent symmetry classes [14].
Recently, great interests are drawn to the study of cor-
related topological states where the presence of strong
Coulomb interactions between electrons leads to richer
physics [15–17], especially when the electron bands are
nearly flat so that interaction effects are highly enhanced
[18]. In fractionally-filled strongly-correlated nearly-flat
topological bands, some intriguing topological phases of
matter, such as fractional Chern insulators [19–25] and
fractional topological insulators [26], can be stabilized
even at high temperatures. Besides these emergent states
in the framework of the charge degree of freedom which
constitutes the main focus of previous studies, the states
related to the spin degree of freedom are also of funda-
mental importance. Actually, in most works that con-
sider spinful electron models with nearly-flat bands, the
itinerant ferromagnetism [27–29] of electron spins in the
ground state plays as the prerequisite of possible frac-
tional Chern insulators [19–21] or integer quantum Hall
insulators [30]. However, the researches [31, 32] on the
spin excitations over the ferromagnetic ground state,
which can uncover new physics of strongly-correlated
nearly-flat topological bands, are still far from sufficient.
In fact, collective spin excitations over magnetically
ordered ground state also exhibit band structures, there-
fore, exotic magnon excitations with nontrivial band
topology are expected to emerge in quantum magnets.
Indeed, recently, in a number of local spin materials
mostly with Dzyaloshinskii-Moriya (DM) interactions
[33, 34], topological magnons have been verified to ex-
ist both theoretically [35–39] and experimentally [40–43].
In such models the magnonic excitations are well under-
stood as free bosons in the framework of linear spin wave
theory (LSWT), with the DM term acting as the vector
potential for the propagation of magnons. However, in
the case of itinerant magnets, LSWT fails due to the lack
of exact one local electron spin per physical site. The ab-
sence of an analytical effective model describing the spin
wave excitations makes the investigations on itinerant
topological magnons quite arduous [44].
In this letter, we elaborate the first theoretical real-
ization of two dimensional itinerant topological magnons
which are different from previous ones existing in local
spin models and derive an effective model for the collec-
tive spin excitations to explain the underlying mechanism
leading to the nontrivial magnonic topology. The micro-
scopic model is the spinful Haldane-Hubbard model. The
phase diagram of this model at half-filling with φ = pi/2
has been extensively studied [45–52]. Here, we consider
the quarter-filled case with a nearly-flat lower electron
band in which a finite Hubbard interaction can lead to
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FIG. 1. (color online). (a) Illustration of the Haldane-
Hubbard model on the honeycomb lattice. A and B denote
the two inequivalent sites within a unitcell. The real nearest-
neighbor hopping t, the complex next-nearest-neighbor hop-
ping t′eiφ, and the Hubbard interactions UA and UB are also
shown. (b) The Brillouin zone. (c) An illustration of the
domain wall geometry.
an itinerant ferromagnetic ground state. By using the
numerical exact diagonalization method with a projec-
tion onto this electron band, we obtain the spin wave
excitations over the ferromagnetic ground state. The
spectra host Dirac magnons in the flatband limit. Re-
markably, the nonflatness of the electron band can in-
duce a topological gap of the Dirac magnons, leading to
an acoustic magnon band with a nonzero Chern num-
ber. We also show that tuning the imbalance of the
AB sublattice Hubbard interactions or the next-nearest-
neighbor hopping can close and reopen the magnon gap,
accompanied by a Chern number changing. Consistent
with the bulk-edge correspondence, there always exist
in-gap magnon states on magnetic domain walls. Fur-
thermore, we find an exact set of bases for the itinerant
spin waves in the flat band limit constructed from sub-
lattice particle-hole vectors, and reduce greatly the pro-
jected Hamiltonian into an effective model represented
by a 2 × 2 matrix. This simplification of the model in
its analytic form makes it possible to understand the ori-
gin of the topological magnons which is attributed to the
“mass inversion mechanism”.
The Haldane Hubbard model as shown schematically
in Fig. 1(a) is written by,
Hˆ = t
∑
〈ij〉σ
c†iσcjσ+t
′ ∑
〈〈ij〉〉σ
eφijc†iσcjσ+
∑
i
Uini↑ni↓. (1)
Where the first two terms represent the spinful version of
the Haldane model [11], and the third term the Hubbard
interaction. 〈ij〉 and 〈〈ij〉〉 denote the nearest-neighbor
(NN) and next-nearest-neighbor (NNN) bonds, respec-
tively. φij = ±φ is the phase of NNN hopping with the
sign given by the solid green arrows in Fig. 1(a). Ui = UA
(UB) when i site is the A(B) sublattice. Others are in
standard notation.
The free part of the Hamiltonian in the momentum
space can be written as Hˆ0 =
∑
kσ ψ
†
kσH0(k)ψkσ. Here,
ψ†kσ = (c
†
Akσ, c
†
Bkσ), and H0(k) =
∑
α=0,x,y,z hα(k)τ
α,
with τα (α = 0, x, y, z) the identity and Pauli matrices
in the sublattice space. When φ = 0, then hz(k) = 0,
the electronic energy band has two Dirac points with op-
posite chiralities at K/K ′ points [see Fig. 1(b)]. When
t′ 6= 0 and φ 6= 0, a gap opens at the Dirac points and
hz(k)τ
z is the mass term. Because hz(K) and hz(K
′)
have different signs [11], the Chern numbers of the two
massive Dirac points do not cancel each other but add up
to a nonzero integer [17]. This is the so-called “mass in-
version mechanism” for generating a nonzero Chern num-
ber (Details see the supplement material).
With a proper tuning of the amplitude t′ and phase φ
of the NNN hopping, the lower electron band of Hˆ0 can
be quite flat. The flatness ratio ∆/W , which is defined
as the ratio of the gap ∆ between the two bands to the
bandwidth W of the lower one, takes its maximum (∼ 7)
when cosφ = t/4t′ = 3
√
3/43 (t′/t ' 0.3155, φ ' 0.656)
[23]. It is well-known that the ground state of such a
system is the ferromagnetic state |FM〉 ≡ ∏k∈BZ d†k↑|0〉
when the Hubbard interaction exceeds a critical value
[32, 53]. Here, |0〉 is the electron vacuum, and d†k↑ cre-
ates a spin-up electron with a momentum k in the lower
electron band. The parameter space is restricted to the
region where ∆ is larger than both UA and UB , so that
the physics is dominated by the degrees of freedom of
this lower band and the whole Hamiltonian H can be
projected onto it [23, 25, 26, 30, 32]. Thus, a basis of
the spin-1 excitations with a center-of-mass momentum
q can be written as |ki〉q = d†ki−q↓dki↑|FM〉. Then, the
matrix element of the projected Hamiltonian on this set
of bases is
q〈kj |P †HˆP |ki〉q =
[
M1i (q) +M
2
i (q)
]
δkj ,ki −M3ji(q)
(2)
where, P is the projector onto the lower band, and
M1i (q) = εd(ki − q)− εd(ki), (3)
M2i (q) =
1
N
∑
a=A,B
Ua
∑
p
|µap↑|2 |µaki−q↓|2 , (4)
M3ji(q) =
1
N
∑
a=A,B
Uaµ
∗
aki−q↓µaki↑µakj−q↓µ
∗
akj↑. (5)
Here, εd(k) is the dispersion of the lower electron band,
and µakσ (a = A,B) the probability amplitude of sub-
lattice a that contributes to the lower band dkσ =∑
a=A,B µakσcakσ (Details see supplement material). A
remarkable consequence of the projection onto the lower
electron band is that the dimension of the Hilbert space
of spin-1 excitations scales linearly with respect to the
system size [32, 44], which is in sharp contrast to the
exponential dependence met in the usual exact diagonal-
ization. This enables us to access a much larger system.
In the following, all the bulk spectra are obtained with a
numerical diagonalization of Eq. (2) with N = 60× 60.
We begin with the spin excitation spectra in the flat-
band limit obtained by setting the M1i (q) term in Eq.
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FIG. 2. (color online). (a)-(f): Spin excitation spectra of the
1/4 filled Haldane-Hubbard model. (g): Its phase diagram in
the ∆U(≡ UA − UB) − t′ space. (a1)-(c1) are results in the
flatband limit, and (a2)-(f) those when the dispersion of the
lower electron band is considered. (a)-(c) are for different UB
with the same t′ = 0.3155: UB = 1.2 (a), UB = 1.068 (b),
and UB = 0.506 (c). (d)-(f) are for different t
′ with the same
UB = 1.2: t
′ = 0.29 (d), t′ = 0.308 (e), and t′ = 0.32 (f).
Other parameters are fixed at t = 1.0, φ = 0.656, UA = 1.2.
The red stars mark the parameters used in (a)-(f).
(2) [see also Eq. (3)] to be zero, and the results are pre-
sented in Fig. 2(a1-c1). The spectra consist of two parts:
the low-lying spin waves labeled by the green lines and
the high-energy Stoner continuum labeled by the grey re-
gion. The spin waves contain two branches of well-defined
magnon bands which are attributed to be the acoustic
and optical bands. When UA = UB , as shown in Fig.
2(a1), the magnon bands follow quite similar dispersions
to the NN tight-binding energy bands for electrons in the
honeycomb lattice, in which the notable feature is the ex-
istence of Dirac points at K/K ′. When the imbalance of
the Hubbard interactions UA 6= UB is introduced, the
Dirac magnons open gaps [Figs. 2(b1)-(c1)]. However,
the Chern number of the acoustic branch is found to be
zero, so it is still a topological trivial magnon band.
Then, we study the effects of the nonflatness of the
lower electron band and the results are shown in Fig.
2(a2-c2). The nonflatness alone can also open the Dirac
magnon gap [Fig. 2(a2)]. Remarkably, now the Chern
number of the acoustic magnon band is −1, so the
magnon band is topologically nontrivial. From Fig.
2(b2)-(c2), one can see that the imbalance of the Hubbard
interactions can close this topological gap and reopen a
new one. But, the Chern number changes from −1 to 0
after the gap reopening. Another interesting observation
is that the Chern number of the acoustic magnon band
can be altered from +1 to −1 with the closing and re-
opening of the gap by tuning the NNN electron hopping,
as shown in Figs. 2(d)-(f), indicating that the system
changes from one topological state to another. We note
that the topology of the electron bands keeps unchanged
during this process. This result suggests that the topol-
ogy of the magnon band does not bear a simple direct
relation with that of the electron band. In addition, we
find that the Chern number of the magnon band changes
its sign if reverting the NNN hopping phase φ. When
the lower electron band acquires a dispersion, the ferro-
magnetic ground state possesses a tendency toward in-
stability [32, 53], so we need to check its stability. As
discussed in Ref. [32], the instability can be determined
by the softening of the magnon, which is signaled by the
appearance of the zero value in the magnon dispersion at
a finite q-point. From Fig. 2(c2), we can identify that the
acoustic branch is approaching to be zero at the q-point
indicated by the black arrows, suggesting that the ferro-
magnetic state approaches the critical instability point in
this case. Thus, we summarize the results by the phase
diagram shown in Fig. 2(g). In the ∆U − t′ parameter
space, where ∆U ≡ UA − UB , we find one nonferromag-
netic (NFM) phase and three ferromagnetic phases with
different magnon band topologies, i.e. the trivial fer-
romagnetic phase (FM) with zero Chern number, and
the two topological ferromagnetic phases (TFM+ and
TFM−) with ±1 Chern number, respectively.
According to the bulk-edge correspondence, a direct
consequence of the topological magnon band is the si-
multaneous existence of the localized in-gap modes in
the case of a open boundary condition. In the calcula-
tions to check this consequence, a difficulty arises from
the electronic edge states resulting from the topological
nontrivial electron band, which will cross the gap be-
tween the upper and lower electron band so that the
spin fully polarized state is no more energetically favor-
able. As an alternative, we explore the in-gap magnon
modes on magnetic domain walls, as illustrated in Fig.
1(c). In such a geometry, the system still assumes pe-
riodic boundary conditions on both directions, whereas
along one direction (say the x direction) it is composed of
two halves having the same electron band topologies but
different magnon band topologies by taking on different
parameters. Another difficulty is due to the numerics.
Because of the lack of momentum conservation along the
x direction, the number of unit cells along this direc-
tion we can handle is reduced to about a dozen, on the
other hand, the magnon band gap is quite small (Figs.
2(a)-(f)). Thus, it is impossible to probe clearly the in-
gap states. To resolve this, we artificially increase the
magnon band gap by choosing much larger UA and UB
[54]. Fig. 3(a)-(c) show the magnon spectra on TFM+-
FM, TFM−-FM and TFM+-TFM− domain walls, and
the insets the corresponding bulk spin excitation spec-
tra. One can see clearly the existence of the chiral in-gap
magnon modes in all three cases, in particular, the num-
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FIG. 3. (color online). Spin-1 excitation spectra of the 1/4
filled Haldane-Hubbard model on magnetic domain walls with
(a) t′L = t′R = 0.28, ULA = 2.0, U
L
B = 2.0, U
R
A = 2.7, U
R
B =
1.7, (b) t′L = t′R = 0.33, ULA = 2.0, U
L
B = 2.0, U
R
A = 2.7,
URB = 1.7, (c) t
′L = 0.28, t′R = 0.33, ULA = U
L
B = U
R
A =
URB = 2.0. Other parameters are fixed at t = 1.0, φ = 0.656.
Insets show the corresponding bulk spin-1 excitation spectra
of the left and right halves of the domain wall system.
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FIG. 4. (color online). Dispersion relations of spin waves ob-
tained by first-order perturbation theory applied to the effec-
tive model with (a1) t
′ = 0.3155, UB = 1.2, (a2) t′ = 0.3155,
UB = 1.0, (a3) t
′ = 0.3155, UB = 0.506, (b1) t′ = 0.29,
UB = 1.2, (b2) t
′ = 0.3055, UB = 1.2, (b3) t′ = 0.32,
UB = 1.2. Other parameters are fixed at t = 1.0, φ = 0.656,
UA = 1.2. The +/− marks denote the signs of the mass terms
at K(K′) points and 0 indicate that the mass term is zero.
ber of the in-gap modes equals the difference of the Chern
number between the two halves.
For a local spin model, a clear picture of the magnon
band topology can be obtained using the LSWT, by
which one can represent approximately the spin waves
(magnon) by the bosonic operators and get the free
bosonic model. However, the itinerant spin waves are
held back by the lack of such an effective theory up
to now [44]. From an insightful observation, we find
that the M3ji(q) term in the projected Hamiltonian Eq.
(2) can be decomposed as the sum of the direct prod-
uct between the vectors |vai (q)〉 ≡
√
Ua
N µ
∗
aki−q↓µaki↑:
M3ji(q) = −
∑
a=A,B |vai (q)〉〈vaj (q)|. Each component of
the vector |va(q)〉 is the probability amplitude to cre-
ate a spin-1 particle-hole excitation in the lower electron
band in the sublattice a, thus, we call this vector the
“sublattice particle-hole vector”. In the flatband limit,
M2i (q) = U/2 when UA = UB = U (see supplement ma-
terial), so Eq. (2) can be rewritten as a 2× 2 matrix,
MFlatab (q) =
U
2
δab −
∑
i
〈vai (q)|vbi (q)〉. (6)
Thus, we find the exact bases |vA,B(q)〉 for spin waves
(magnons) in the flatband limit, on which the pro-
jected Hamiltonian is reduced to that describing the free
magnons. It can be shown that MFlat(q) behaves as
massless-Dirac-like Hamiltonians with opposite chirali-
ties between the K and K ′ points (see supplement mate-
rial). When the dispersion of the electron band and the
imbalance of the Hubbard interactions are considered,
the terms M1i (q) and M
2
i (q) are no long zero or con-
stants, and can be treated as perturbations to Eq. (6).
In this case, we obtain the 2×2 effective Hamiltonian up
to the first order approximation. It turns out that these
terms act exactly as the mass term of the Dirac magnons
at K/K ′ points. In Figs. 4(a)-(b), we plot the spectra
of magnons calculated based on the effective Hamilto-
nian with the same parameters with those shown in Figs.
2(a2)-(c2) and Figs. 2(d)-(f), except in Figs. 4(a2) and
(b2) a slight difference in UB or t
′ is adopted to lead to
the case of a vanishing gap. One can see that the results
in Fig. 4 share similar spectra as shown in Fig. 2 (The re-
sults in the flat-band limit are the same), indicating that
the above perturbation treatment works here. Then, we
calculate the mass term around the K/K ′ points and
indicate its sign by +/− in Fig. 4. It shows that all
topological magnon bands hosting nonzero Chern num-
bers have the opposite-signed mass term between the K
andK ′ points, while the trivial ones have the same-signed
term (Details are in the supplement material). Therefore,
we conclude that it is the “mass inversion mechanism”
leading to the nontrivial magnon band topology.
In summary, we report the first theoretical realiza-
tion of two dimensional itinerant topological magnons by
numerical and analytical investigations on the quarter-
filled Haldane Hubbard model with a nearly flat electron
band. We find Dirac magnons in the flatband limit. Al-
though the imbalance in the Hubbard interactions opens
trivial gaps for the Dirac magnons, the magnon gap in-
duced by the nonflatness of the electron band is topo-
logical. Correspondingly, the in-gap magnon modes are
5shown to exist on magnetic domain walls. We find the
exact set of bases for spin waves in the flatband limit
leading us to construct an effective model to explore the
origin of the nontrivial magnon band which is attribute
to the “mass inversion mechanism”.
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6Supplemental Material
Haldane model and mass inversion mechanism
The free part Hˆ0 of the Hamiltonian of the Haldane Hubbard model in the momentum space can be written as
Hˆ0 =
∑
kσ ψ
†
kσH0(k)ψkσ, where ψ
†
kσ = (c
†
Akσ, c
†
Bkσ), and
H0(k) =
∑
α=0,x,y,z
hα(k)τ
α, (S1)
with τα (α = 0, x, y, z) being the identity matrix and the three Pauli matrices in the sublattice space, and
h0(k) = 2t
′ cosφ
3∑
i=1
cos(k · bi),
hx(k) = t
3∑
i=1
cos(k · ai),
hy(k) = −t
3∑
i=1
sin(k · ai),
hz(k) = −2t′ sinφ
3∑
i=1
sin(k · bi).
Here, a1, a2 and a3 are the displacements from a A site to its three NN B sites, defined so that a1 × a2 points to the
positive direction of z axis, and b1 = a2 − a3, b2 = a3 − a1, b3 = a1 − a2. Note that due to the SU(2) spin rotation
symmetry, H0(k) is independent of σ. Therefore, we will omit the spin index in the following in this section. The
dispersion relation of the free electron bands reads
E+(k) = h0(k) + h(k),
E−(k) = h0(k)− h(k),
where h(k) =
√
h2x(k) + h
2
y(k) + h
2
z(k). The corresponding eigenvectors are
ΨE+(k) =
1√
2h(k) [(h(k) + hz(k)]
[
hz(k) + h(k)
hx(k) + ih2(k)
]
, (S2)
ΨE−(k) =
1√
2h(k) [(h(k)− hz(k)]
[
hz(k)− h(k)
hx(k) + ih2(k)
]
. (S3)
The Berry connection Ai(k)(i = kx, ky) of the lower electron band is
Ai(k) = i〈ΨE−(k)|∂ki |ΨE−(k)〉 =
−1
2h (h− hz) (hy∂kihx − hx∂kihy) ,
and the corresponding Berry curvature F (k) is
F (k) = ∂kxAkx − ∂kyAky =
1
2h3
abcha∂kxhb∂kyhc,
where abc is the total antisymmetric tensor. When φ = 0 and hence hz(k) = 0, there are two inequivalent massless
Dirac points of the free electron bands at K/K ′ = 4pi3 (±1, 0) in the BZ. Expand Eq. (S1) around K/K ′ points, i.e.
let k→ K/K ′ + k where the latter k is small, we find
HK0 (k) ' m0τ0 + vF (kxτx + kyτy)−mzτz, (S4)
HK
′
0 (k) ' m0τ0 + vF (−kxτx + kyτy) +mzτz. (S5)
Here, m0 = −3t′ cosφ, vF = −
√
3
2 t, and mz = 3t
′ sinφ. Clearly, when t′ 6= 0 and φ 6= 0, Eqs. (S4)-(S5) are massive
Dirac Hamiltonians with opposite-signed mass terms (the ±mzτz term). Due to the different signs of the τx term,
7these Dirac Hamiltonians have opposite chiralities as well. Correspondingly, the Berry curvature of the lower electron
band around K/K ′ points becomes
FK(k) ' FK′(k) ' − v
2
Fmz
2 [m2z + (vF kx)
2 + (vF ky)2]
3/2
The Chern number C of the lower electron band is the sum of individual contributions CK/K
′
from the above massive
Dirac points:
CK/K
′
=
1
2pi
∫
d2kFK/K
′
(k) = − sign(mz)
2
.
Therefore, C = CK+CK
′
= −sign(mz). When mz 6= 0, the Chern number of the lower electron band is ±1 depending
on the sign of mz. Following the above derivations, we want to remark that the Chern number of a single massive
Dirac point is always ±1/2, whose sign is determined by its chirality as well as the sign of its mass term. With an
reversion of its chirality or its mass sign, the Chern number is also reverted. Thus, for a lattice model that hosts two
Dirac points with opposite chiralities, a nonzero Chern number of the energy band exists if and only if the signs of
the mass term at these two Dirac points are different. This is the so-called “mass inversion mechanism”.
Details on the effective model describing the spin wave excitations in 1/4 filled Haldane-Hubbard model with
a nearly flat electron band
When the lower electron band of the Haldane-Hubbard model is nearly flat by a proper tuning of t′ and φ, the
low-energy physics is dominated by the degrees of freedom in this band if it is fractionally filled for the parameter
space where the Hubbard interactions are smaller than the electron gap between the two free electron bands. Then
the Hamiltonian can be projected onto this band. According to Eq. (S3), the eigen operator of this band is dkσ =
µAkσcAkσ + µBkσcBkσ, with
µAkσ =
hz(k)− h(k)√
2h(k) [(h(k)− hz(k)]
, µBkσ =
hx(k) + ih2(k)√
2h(k) [(h(k)− hz(k)]
.
For Eq. (4) in the main text, if UA = UB = U , we have
M2i (q) =
U
N
∑
p
|µAp↑|2 |µAki−p↓|2 + |µBp↑|2 |µBki−p↓|2 .
Note that
|µApσ|2 = 1
2
[
1− hz(p)
2h(p)
]
, |µBpσ|2 = 1
2
[
1 +
hz(p)
2h(p)
]
.
However, hz(−p) = −hz(p) and h(−p) = h(p), thus,
∑
p hz(p)/h(p) = 0. Therefore,
M2i (q) =
U
N
∑
p
1
2
|µAki−p↓|2 +
1
2
|µBki−p↓|2 =
U
2
.
On the other hand, in terms of the “sublattice particle-hole vectors” |vai (q)〉 ≡
√
Ua
N µ
∗
aki−q↓µaki↑ (a = A,B), Eq.
(5) in the main text can be written as M3ji(q) = −
∑
a=A,B |vai (q)〉〈vaj (q)|. Clearly, the eigenvectors with nonzero
eigenvalues of M3(q) must be a superposition of the vectors |vA(q)〉 and |vB(q)〉. In the flatband limit with symmetric
sublattice Hubbard interactions, Eq. (2) in the main text reduces to
MFlatji (q) ≡
[
M2(q)δkj ,ki +M
3
ji(q)
]∣∣
UA=UB=U
=
U
2
δkj ,ki −
∑
a=A,B
|vai (q)〉〈vaj (q)|
Therefore, the eigenvectors of MFlat superposed by |vA(q)〉 and |vB(q)〉 correspond to the spin wave excitations and
the eigenvectors of MFlat with U/2 eigenvalues correspond to the Stoner continuum. Thus, the space spanned by
8|vA(q)〉 and |vB(q)〉 defines the effective space of the spin wave excitations of MFlat. In this space, MFlat reduces
to a 2 × 2 matrix, which is shown by the Eq. (6) in the main text. When the dispersion of the lower electron band
or sublattice Hubbard imbalance are considered, these terms can be treated as perturbations to Eq. (6). However,
|vA(q)〉 and |vB(q)〉 are generally not orthonormal, making the evaluation of the matrix elements quite complicated.
For simplicity, a set of orthonormalized bases will be used instead, which can be obtained by the standard Gram-
Schmidt orthogonalization in linear algebra:
|vˆ1(q)〉 = S11(q)|vA(q)〉+ S21(q)|vB(q)〉,
|vˆ2(q)〉 = S12(q)|vA(q)〉+ S22(q)|vB(q)〉,
with
S11(q) =
1
s1(q)
, S21(q) = 0, S12(q) = −s2(q)
s3(q)
, S22(q) =
1
s3(q)
. (S6)
where s1(q) = Norm(|vA(q)〉), s2(q) = 〈vA(q)|vB(q)〉/s21, and s3(q) = Norm(|vB(q)〉 − s2|vA(q)〉). Here Norm(|v〉)
is the function to get the norm of a vector |v〉: Norm(|v〉) = √〈v|v〉. By use of the {|vˆ1(q)〉, |vˆ2(q)〉} bases, the spin
wave excitations of Eq. (2) up to the first order perturbation approximation can be described by the following matrix:
M1stαβ (q) = M
0
αβ(q) +M
Ω
αβ(q) +M
dU
αβ (q), (S7)
with
M0αβ(q) =
UA + UB
2
δαβ +
([
S†(q)S(q)
]−1)
αβ
, (S8)
MΩαβ(q) =
∑
i
〈vˆαi (q)|d(ki − q)− (ki)|vˆβi (q)〉, (S9)
MdUαβ (q) =
UA − UB
2N
∑
s=A,B
∑
i
(−1)s〈vˆαi (q)|
∑
p
|µsp↑µski−q↓|2 |vˆβi (q)〉, (S10)
where the S matrix is defined by Eq. (S6), and (−1)A ≡ 1, (−1)B ≡ −1. M1st(q) is a 2 × 2 Hermitian matrix,
therefore, it can be expressed as
M1st(q) =
∑
α=0,x,y,z
mα(q)σα (S11)
with σα(α = 0, x, y, z) the identity matrix and the three Pauli matrices in the {|vˆ1(q)〉, |vˆ2(q)〉} space. In theory,
with Eqs. (S6)-(S11), the analytical expressions for mα(q) can be obtained. However, these expressions are too
complicated to analyze, thus, we will only compute them numerically and study the asymptotic behavior of Eq. (S11)
around the K/K ′ points, which is enough for the exploration of the topological properties of the magnon bands.
(1) When UA = UB = U > 0 and in the flatband limit, we find two massless Dirac-like effective Hamiltonians with
opposite chiralities near the K/K ′ points:
M1stK (q) ' v0σ0 + vxqxσx + vyqyσy,
M1stK′ (q) ' v0σ0 + vxqxσx − vyqyσy.
where v0, vx and vy are some constants dependent on the model parameters.
(2) When UA = UB = U > 0 and the dispersion of the lower electron band is considered, we find two massive
Dirac-like effective Hamiltonians with opposite chiralities as well as opposite mass terms near the K/K ′ points:
M1stK (q) ' v′0σ0 + v′xqxσx + v′yqyσy + vzσz,
M1stK′ (q) ' v′0σ0 + v′xqxσx − v′yqyσy − vzσz.
where v′0, v
′
x and v
′
y and vz are some constants dependent on the model parameters. Note that the fermi velocity of
the Dirac magnons are also renormalized by the nonflatness of the lower electron band. In this case, according to the
“mass inversion mechanism”, the magnon band are topological with a nonzero (±1) Chern number.
(3) When UA 6= UB > 0 and in the flatband limit, we find two massive Dirac-like effective Hamiltonians with
opposite chiralities but with the same-signed mass terms near the K/K ′ points:
M1stK (q) ' vK0 σ0 + vKx qxσx + vKy qyσy + vKz σz,
M1stK′ (q) ' vK
′
0 σ
0 + vK′x qxσ
x − vK′y qyσy + vK′z σz.
9where v
K/K′
0 , v
K/K′
x , v
K/K′
y , and v
K/K′
z are some constants dependent on the model parameters. Note that at K
and K ′ points, these parameters bear asymmetry in the amplitude but share the same sign. According to the “mass
inversion mechanism”, the magnon band for this case are topologically trivial with zero Chern number.
(4) When UA 6= UB > 0 and the dispersion of the lower electron band is considered, we still find two massive
Dirac-like effective Hamiltonians with opposite chiralities. But now the signs of the mass terms are dependent on
both ∆U and the nonflatness of the lower electron band. When ∆U is dominant, the mass terms at K/K ′ points have
the same sign, and the magnon band is trivial while when the nonflatness of the lower electron band is dominant, the
mass terms at K/K ′ points have opposite signs and the magnon band is topological.
